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1 Problem statement

There is a spatial object/scene containing several spatial points. These points
are given in their own world coordinate system. We take images of this ob-
ject/scene, and the pixel locations are detected in the images. Therefore, 3D-
>2D correspondences are given between 3D space and image coordinates. They
are denoted by Pi = [Xi Yi Zi]

T and pi = [ui vi]
T in the paper, respectively,

i ∈ {1, ..., n}.
The task is to determine the rigid transformation, represented by orthonor-

mal (rotation) matrix R and translation vector t, between the world and the
camera coordinate systems. If n 3D → 2D correspondences are given, the
problem itself is called Perspective n Point (PnP) problem.

Theoretically, for the minimal problem, n = 3, but here we only considered
the n ≥ 6 cases due to their simplicity.

The goal is to �nd the rigid transformation, represented by a rotation (three
degrees of freedom) and a translation (another three DoFs). From each projected
2D image location, we have a horizontal and vertical coordinate.

2 Algorithm overview

Here, we overview one of the many published solutions for the PnP problem.
It is called the E�ectice PnP (EPnp) algorithm, published as Vincent Lepetit;
Francesc Moreno-Noguer; Pascal Fua. EPnP: An Accurate O(n) Solution to
the PnP Problem International Journal Of Computer Vision. 2009. It is imple-
mented in OpenCV.

We apply barycentric coordinates that can be used to represent the points
that are projected to the images. We utilize the fact that the barycentric coor-
dinates are not a�ected by the rigid transformation, therefore the same values
can be used for barycentric coordinates both in world and camera coordinate
systems.
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2.1 Barycentric coordinates

The 3D and 2D point coordinates are given as input. In the world, four reference
points are arbitrary selected, the the barycentric coordinates are calculated for
each 3D point. There are four barycentric reference points are given, they are
denoted by ci = [Xi Yi Zi]

T , i ∈ {1, . . . , 4}. Then a spatial point Pi can be
obtained as

Pi =

4∑
j=1

αijcj ,

subject to
∑4

j=1 αij = 1.

2.2 Projection by a pin-hole camera

If it is assumed that the camera coordinate system are used, the projection can
be calculated as follows:

λixi = KPi = K

4∑
j=1

αijcj ,

where

K =

 f 0 u0

0 f v0
0 0 1

 .

is the so-called calibration matrix with intrinsic camera parameters.
Then

λipi =

 f 0 u0

0 f v0
0 0 1

 4∑
j=1

αijcj ,

It is equivalent to

λi

 ui

vi
1

 =

4∑
j=1

αij

 f 0 u0

0 f v0
0 0 1

 Xj

Yj

Zj

 ,

if the coordinates are substituted.
Therefore,

λi

 ui

vi
1

 =

4∑
j=1

αij

 fXj + u0Zj

fYj + v0Zj

Zj


Then three equations can be written for the coordinates:

2



λiui = f

4∑
j=1

αijXj + u0

4∑
j=1

αijZj ,

λivi = f

4∑
j=1

αijYj + v0

4∑
j=1

αijZj ,

λi =

4∑
j=1

αijZj .

2.3 Estimation of the reference points.

If the last equations is substituted to the �rst and second ones, the following
two equations are obtained:

ui

4∑
j=1

αijZj = f

4∑
j=1

αijXj + u0

4∑
j=1

αijZj

vi

4∑
j=1

αijZj = f

4∑
j=1

αijYj + v0

4∑
j=1

αijZj

Then the �rst equation can be written as

ui

4∑
j=1

αijZj − u0

4∑
j=1

αijZi = f

4∑
j=1

αijXj

f

4∑
j=1

αijXj + (u0 − ui)

4∑
j=1

αijZj = 0

Similarly, the second equation is modi�ed as

f

4∑
j=1

αijYj + (v0 − vi)

4∑
j=1

αijZj = 0

Now, let's stack the coordinates into a vector:

C =



X1

Y1

Z1

X2

...
Z4


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Then, we have 2n equations in the form of

MC = 0,

where

f

4∑
j=1

αijXj + (u0 − ui)

4∑
j=1

αijZj = 0,

f

4∑
j=1

αijYj + (v0 − vi)

4∑
j=1

αijZj = 0.

The i-th row pair of the coe�cient matrix is as follows:

Mi =
[
Mi,1 Mi,2 Mi,3 Mi,4

]
,

where

Mi,j =

[
fαij 0 (u0 − ui)αij

0 fαij (v0 − vi)αij

]
.

Then the full coe�cient matrix can be written as

M =


M1

M2

...
Mn

 .

If there are at least six points, thus n ≥ 6, the solution for the reference
points, stacked in C is given as the eigenvector corresponding to the smallest
eigenvalue for MTM .

2.4 Scale ambiguity

However, the scale of vector C cannot be retrieved. But as we know the dis-
tanced between the reference points, the scale ambiguity can be removed.

2.5 Final pose estimation

Now, we know the reference points in the camera coordinate system. They are
also known in the world, the �nal task is to estimate the rigid transformation
between those. These can be computed using the so-called point registration
algorithm.
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3 Overview of the EPnP algorithm.

The full algorithm can be summarized as follows:

1. Take four reference point for the barycentric system, arbitrary.

2. For the n 3D locations, de�ne the barycentric coordinates. See the ap-
pendix how barycentric coordinates can be calculated.

3. Compose the matrix M from 2D pixel locations and barycentric coordi-
nates.

4. Get the eigenvector, corresponding to the smallest eigenvalue of MTM.It
gives you βC.

5. Remove the scale ambiguity, represented by of parameter β,as the dis-
tances between the reference points are known.

6. Get the reference points cj in the camera coordinate system from triplet
rows of C.

7. Apply a point registration problem to the reference points in the world and
camera systems. Then rigid parameters, aka. pose, R and t are obtained.

A Estimation of barycentric coordinates for given

reference points

If there are four barycentric reference points, the original coordinates for a point
P can be given as a weighted sum as follows:

P =

 X
Y
Z

 =

4∑
j=1

αjC
j .

Here,
∑4

j=1 αj = 1. Therefore, we have three equations for four unknown
parameters αj , but there is a constraint.

Then, let

α4 = 1− α1 − α2 − α3

Then

P = α1C
1 + α2C

2 + α3C
3 + (1− α1 − α2 − α3)C

4

Thus,

P = α1

(
C1 − C4

)
+ α2

(
C2 − C4

)
+ α3

(
C3 − C4

)
+ C4
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P − C4 = α1

(
C1 − C4

)
+ α2

(
C2 − C4

)
+ α3

(
C3 − C4

)
The solution is given by

[
C1 − C4 C2 − C4 C3 − C4

]  α1

α2

α3

 = P − C4.

Therefore, α1

α2

α3

 =
[
C1 − C4 C2 − C4 C3 − C4

]−1
(P − C4) .
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